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These are all examples of natural 
science that are not simple 
extrapolations of the microscopic 
laws, and that often require new 
concepts to be understood. 
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The concept of energy was hidden from the greatest minds of their

generation until physicists had unearthed one of the most remarkable 
emergent consequences of classical mechanics: heat.

      

Lagrange(1788) T=1/2mv2 , knew T+V was constant, but didn’t take it further 
Hamilton (1824) Also knew T+V was constant, but called it simply “H”.  
Thomas Young   'vis viva' -> 'energy' (from ἐνέργεια)  in 1807 
Coriolis (1824-1829)  introduced the term ‘work’ 
Energy conservation:  Joule, Lord Kelvin, Rankine et al. c. 1850.



The traditional Frontier



The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).



The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery



The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery
yet they also give rise to an impression 
that the frontier of science is purely 
reductionist 



The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery
yet they also give rise to an impression 
that the frontier of science is purely 
reductionist 
and that the frontiers lie exclusively at 
the extremes of scale




The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery

Dark Energy

Gravity Waves

yet they also give rise to an impression 
that the frontier of science is purely 
reductionist 
and that the frontiers lie exclusively at 
the extremes of scale




The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery

Dark Energy

H =

✓
 1

 2

◆

Higgs

Gravity Waves

yet they also give rise to an impression 
that the frontier of science is purely 
reductionist 
and that the frontiers lie exclusively at 
the extremes of scale




The traditional Frontier

20th Century. 

Atoms, relativity, Quantum mechanics, Prediction of Antimatter,

Discovery of gauge symmetries: a monumental tribute to the 
power of reductionism (Pais).

These expositions capture the beauty 
and romance of discovery

Dark Energy

H =

✓
 1

 2

◆

Higgs
10500

String Multiverse

Gravity Waves

yet they also give rise to an impression 
that the frontier of science is purely 
reductionist 
and that the frontiers lie exclusively at 
the extremes of scale




More is Different

Dark Energy

H =

✓
 1

 2

◆

Higgs
10500

String Multiverse

Gravity Waves



More is Different

Dark Energy

H =

✓
 1

 2

◆

Higgs
10500

String Multiverse

Gravity Waves

``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.



``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

More is Different

Dark Energy

H =

✓
 1

 2

◆

Higgs
10500

String Multiverse

Gravity Waves



``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

More is Different

Dark Energy

H =

✓
 1

 2

◆

Higgs
10500

String Multiverse

Gravity Waves



``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

  Å μm



From the Angstrom to the Micron

``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

  Å μm



From the Angstrom to the Micron

``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

Atom

  Å μm



From the Angstrom to the Micron

``The behavior of large and complex aggregations of 
elementary particles, it turns out, is not to be understood in 

terms of a simple  extrapolation of the properties of a few 
particles. Instead, at each level of complexity entirely new 

properties appear, and the understanding of the new 
behaviors requires research which I think is as 

fundamental in its nature as any other.’'  Philip. W. 
Anderson ``More is Different'' , 1967.

Atom Cooper pair

  Å μm

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm

Universe of Quantum Materials

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm

| A +  B|2 , | A|2 + | B|2
<latexit sha1_base64="Z0o5RDRTr6zyOgTHbRJRWphCjsc="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="EOw7nHLUdzIvYsCaAAPzCYu2FA4="></latexit>

Compounds are different to the sum of their 
components

Universe of Quantum Materials

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm

| A +  B|2 , | A|2 + | B|2
<latexit sha1_base64="Z0o5RDRTr6zyOgTHbRJRWphCjsc="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="EOw7nHLUdzIvYsCaAAPzCYu2FA4="></latexit>

Compounds are different to the sum of their 
components

Universe of Quantum Materials

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm
Life

| A +  B|2 , | A|2 + | B|2
<latexit sha1_base64="Z0o5RDRTr6zyOgTHbRJRWphCjsc="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="254zjt30M1W2jBad00LWWW1jhiw="></latexit><latexit sha1_base64="EOw7nHLUdzIvYsCaAAPzCYu2FA4="></latexit>

Compounds are different to the sum of their 
components

Universe of Quantum Materials

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm
Life Mycoplasma mycoides 

250nm

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm
Life

“Emergence”

Mycoplasma mycoides 

250nm

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Atom Cooper pair

  Å μm
Life

“Emergence”

Mycoplasma mycoides 

250nm

What are the principles

that govern the emergence of 
collective behavior in matter between 
the Angstrom and the Micron? 

From the Angstrom to the Micron

ξ~230nm

Cooper Pair in Sn



Selected History of Emergence and Reductionism in CMT.

Emergent
Physics



Selected History of Emergence and Reductionism in CMT.

Emergent
Physics



Selected History of Emergence and Reductionism in CMT.

Emergent
Physics Einstein 

Phonons
(1906)

Einstein’s phonons=
emergent quanta of
the solid state.



Selected History of Emergence and Reductionism in CMT.

Emergent
Physics

Landau 
Theory 
(1937)

𝝍
Chapter 12. c⃝Piers Coleman 2013

ψ = ψ1

ψ

ψ1

ψ2

(b) ψ = ψ1 + iψ2
(a)

ψ1

f(ψ)

f(ψ)
|ψ|

φ

!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).

336

Broken Symmetry

Einstein 
Phonons
(1906)



Selected History of Emergence and Reductionism in CMT.

Emergent
Physics

Reductionist

Landau 
Theory 
(1937)

𝝍
Chapter 12. c⃝Piers Coleman 2013

ψ = ψ1

ψ

ψ1

ψ2

(b) ψ = ψ1 + iψ2
(a)

ψ1

f(ψ)

f(ψ)
|ψ|

φ

!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-

340

𝜓

F[𝜓]

Chapter 12. c⃝Piers Coleman 2013

TTc

ψ

h>0

ψ

(a) (b)F(   )ψ
cT>T

T<T

T=T

c

c

!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =
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⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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!Fig. 12.5 Dependence of Free energy on order parameter for (a) an Ising order parameter
ψ = ψ1, showing two degenerate minima and (b) complex order parameter
ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
parameter. Curves are displaced vertically for clarity. (b) Order parameter ψ as a
function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =
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⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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!Fig. 12.3 (a) The Landau free energy F(ψ) as a function of temperature for an Ising order
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function of temperature for a finite field h > 0 and an infinitesimal field h = 0+.

• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when

d f
dψ
= 0 = rψ + uψ3 ⇒ ψ =

⎧⎪⎪⎨
⎪⎪⎩

0 (T > Tc)

±
√

a(Tc−T )
u (T < Tc)

(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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ψ = ψ1 + iψ2 = |ψ|eiφ, where the the Landau free energy forms a “Mexican Hat
Potential” in which the free energy minimum forms a rim of degenerate states with
energy that is independent of the phase φ of the uniform order parameter.

is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order
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• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when
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so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )
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, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when
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so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
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2
ψ2 +
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4
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When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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is an essential component of broken continuous symmetry. In superfluids, the emergence of a well-defined
phase associated with the order parameter is intimately related to persistent currents, or superflow. We shall
shortly see that when we “twist” the phase, a superflow develops.

j⃗ ∝ ∇⃗φ.

To describe this rigidity, we need to take the next step, introducing a term into energy functional that keeps
track of the energy cost of a non-uniform order parameter. This leads us onto Landau Ginzburg theory.

12.3 Ginzburg Landau theory I: Ising order

Landau theory describes the energy cost of a uniform order parameter: a more general theory needs to ac-
count for inhomogenious order parameters in which the amplitude varies or the direction of the order param-
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• For an Ising order parameter, both the Hamiltonian and the free energy are an even function of ψ: H[ψ] =
H[−ψ]. We say that the system possesses a “global Z2 symmetry”, because the Hamiltonian is invariant
under transformations of the Z2 group that takes ψ→ ±ψ.

Provided r and u are greater than zero, the minimum of fL[ψ] lies at ψ = 0. Landau theory assumes that
the phase transition temperuture, r changes sign, so that

r = a(T − Tc)

as illustrated in Fig. 12.3 (a). The minimum of the free energy occurs when
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= 0 = rψ + uψ3 ⇒ ψ =
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0 (T > Tc)

±
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(12.5)

so that for T < Tc, there are two minima of the free energy function (Fig. 12.3 (a)). Note that:

• if we cool the system in a tiny external field, the sign of the order parameter reflects the sign of the field
(Fig. 12.3 (b)):

ψ = sgn(h)

√
a(Tc − T )

u
, (T < Tc). (12.6)

This branch-cut along the temperature axis of the phase diagram, is an example of a first-order phase
boundary. The point T = Tc, h = 0 where the line ends is a “critical point”.

• If u < 0 the free energy becomes unbounded below. To cure this problem, the Landau free energy must be
expanded to sixth order in ψ:

f [ψ] =
1
V

F[ψ] =
r
2
ψ2 +

u
4
ψ4 +

u6

6
ψ6

When u < 0 the free energy curve develops three minima and the phase transition becomes first order;
the special point at r = h = u = 0 is a convergence of three critical points called a tri-critical point (see
exercise 12.3).
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Dirac cone surface states.

Figure 3

Showing (a) topologically trivial band insulator with Z2 = +1 (b) band-crossing of even and odd
parity states at an odd number of high symmetry points leads to a topological insulator with
Z2 = �1. Each band crossing generates a Dirac cone of spin-momentum locked surface states.

2.1. Topology meets strong correlation

In 2010, Maxim Dzero, Kai Sun, Victor Galitski and Piers Coleman (16) proposed that

Kondo insulators can form strongly interacting versions of the Z2 topological insulator.

The key points motivating this idea were that:

• The spin orbit coupling of f-electrons in a Kondo insulator, of the order of 0.5eV, is

much larger than the characteristic 10meV gap of a Kondo insulator, making these

essentially infinite spin orbit coupled systems, ideal candidates for spin-orbit driven

topological order.

• f-states are odd-parity, whereas the predominantly d-band conduction bands that

hybridize with them are even parity, so that each time there is a band-crossing between

the two, the Z2 index changes sign, leading to a topological insulator.

The TKI proposal provides an appealing potential resolution of a long-standing mystery

in the Kondo insulator SmB6, which for more than thirty years, had been known to exhibit

a low temperature resistivity plateau (54, 55) (see Fig. 7), which could be naturally under-

stood as a consequence of topologically protected surface states (16, 56). In 2012, teams at

the University of Michigan (17) and the University of California, Irvine (18), confirmed the

existence of robust surface states in SmB6. Most recently 2014 (57) Xu et al. have detected

the spin-polarized structure of the surface states in these materials that tentatively confirm

their topological character (see discussion in section 4.2).
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FIG. 20 (a)-(d) Energy and momentum dependence of the local den-
sity of states for the Bi2Se3 family of materials on the [111] surface.
A warmer color represents a higher local density of states. Red re-
gions indicate bulk energy bands and blue regions indicate a bulk
energy gap. The surface states can be clearly seen around Γ point
as red lines dispersing inside the bulk gap. (e) Spin polarization of
the surface states on the top surface, where the z direction is the sur-
face normal, pointing outwards. Adapted from Zhang et al., 2009
and Liu et al., 2010.

there is a key difference between the surface state theory for
3D topological insulators and graphene or any 2D Dirac sys-
tem, which is the number of Dirac cones. Graphene has four
Dirac cones at low energies, due to spin and valley degener-
acy. The valley degeneracy occurs because the Dirac cones
are not in the vicinity of k = 0 but rather near the two Bril-
louin zone cornersK and K̄. This is generic for a purely 2D
system: only an even number of Dirac cones can exist in a TR
invariant system. In other words, a single 2D Dirac cone with-
out TR symmetry breaking can only exist on the surface of a
topological insulator, which is also an alternative way to un-
derstand its topological robustness. As long as TR symmetry
is preserved, the surface state cannot be gapped out because
no purely 2D system can provide a single Dirac cone. Such a
surface state is a “holographic metal” which is 2D but deter-
mined by the 3D bulk topological property.
In this section we discussed the surface states of an insula-

tor surrounded by vacuum. This formalism can be straightfor-

wardly generalized to the interface states between two insu-
lators (Fradkin et al., 1986; Volkov and Pankratov, 1985). In
these pioneering works, the interface states between PbTe and
SnTe were investigated. The interface states consist of four
Dirac cones. Therefore, they are topologically trivial and not
generally stable under TR invariant perturbations. The surface
states of topological insulators are also similar to the domain
wall fermions of lattice gauge theory (Kaplan, 1992). In fact,
domain wall fermions are precisely introduced to avoid the
fermion doubling problem on the lattice, which is similar to
the concept of a single Dirac cone on the surface of a topolog-
ical insulator.
The helical spin texture described by the single Dirac cone

equation (34) leads to a general relation between charge cur-
rent density j(x) and spin density S(x) on the surface of the
topological insulator (Raghu et al., 2010):

j(x) = v[ψ†(x)σψ(x)× ẑ] = vS(x)× ẑ. (35)

In particular, the plasmon mode on the surface generally car-
ries spin (Burkov and Hawthorn, 2010; Raghu et al., 2010).

C. Crossover from three dimensions to two dimensions

From the discussion above, one can see that the models
describing 2D and 2D topological insulators are quite simi-
lar. Both systems are described by lattice Dirac-type Hamil-
tonians. In particular, when inversion symmetry is present,
the topologically nontrivial phase in both models is charac-
terized by a band inversion between two states of opposite
parity. Therefore, it is natural to study the relation between
these two topological states of matter. One natural question
is whether a thin film of 3D topological insulator, viewed as
a 2D system, is a trivial insulator or a QSH insulator. Be-
sides theoretical interest, this problem is also relevant to ex-
periments, especially in the Bi2Se3 family of materials. In-
deed, these materials are layered and can be easily grown as
thin films either by MBE (Li et al., 2010, 2009; Zhang et al.,
2009), catalyst-free vapor-solid growth (Kong et al., 2010),
or by mechanical exfoliation (Hong et al., 2010; Shahil et al.,
2010; Teweldebrhan et al., 2010). Several theoretical works
studied thin films of the Bi2Se3 family of topological insu-
lators (Linder et al., 2009; Liu et al., 2010; Lu et al., 2010).
Interestingly, thin films of proper thicknesses are predicted to
form a QSH insulator (Liu et al., 2010; Lu et al., 2010), which
may constitute an approach for simpler realizations of the 2D
QSH effect.
Such a crossover from 3D to 2D topological insulators can

be studied from two points of view, either from the bulk states
of the 3D topological insulator or from the surface states.
We first consider the bulk states. A thin film of 3D topo-
logical insulator is described by restricting the bulk model
(31) to a QW with thickness d, outside which there is an in-
finite barrier describing the vacuum. To establish the con-
nection between the 2D BHZ model (2) and the 3D topo-
logical insulator model (31), we start from the special case

Qi	and	Zhang,	Rev.	Mod	Phys	(2010).
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smaller (by a factor of 4-5) than in the starting ceramic.
The transitions at T, (determined by resistivity and ac
susceptibility) are fairly sharp for low values of x
(hT—0.1 K for x (0.05), but may exceed 5 K when x
reaches 0.11. All crystals are microtwinned, so that the
in-plane quantities are averaged over the a and b direc-
tions. The Hall resistivity is measured by rotating the
sample in a fixed 8-T field as described in Ref. [3]. The
small sizes of the crystals (length —300-450 pm), and
the nonuniformity in sample thickness t, complicate the
measurements. Deviations from uniformity of the Zn dis-
tribution along c may also lead to distortion of the resis-
tivity measurements. For these reasons, we performed
the Hall measurements on two "Hall" crystals for each x
value. The resistivity was measured on the same crystals
using the Van der Pauw technique in a separate run. In
addition to the Hall crystals, we measured the in-plane
resistivities of a larger set of crystals (3-4 for x) to check
for reproducibility and variability.
Figure 1 displays the temperature dependence of the

in-plane resistivity p, and 1/RH for four values of x from
0.016 to 0.108. For comparison, a crystal with x =0
(Ref. [3]) is also shown. With increasing dopant content,
the resistivity curves [Fig. 1(a)] are shifted upwards, so

that the primary eA'ect of Zn scattering is to add a nomi-
nally temperature-independent contribution to the trans-
port scattering rate. However, our measurements show
that the slope dp, /dT is altered as well by the impurity
scattering. The average slope increases from 0.5 to 0.87
pQcm/K, as x increases from 0 to 0.108. This may be
due to a decrease in carrier concentration, or an un-
suspected temperature-dependent scattering contribution
by the Zn centers. The lower panel in Fig. 1 shows the
effect of Zn scattering on the Hall resistivity. As x in-
creases, the magnitude of 1/eRH is suppressed at all tem-
peratures. In particular, the temperature dependence of
I/RH appears to become less pronounced with increasing
x, in agreement with Hall measurements in Ni-doped
ceramics [10].
We turn next to the Hall angle, which is plotted as

cotOH vs T in Fig. 2. For all samples, the data points
fall on a straight line in the temperature range under—240 K, but at higher temperatures some samples show
deviations. In particular, deviations of about 10% occur
in the samples with x =0.052 and 0.091, represented by
open squares and solid triangles, respectively. Above 240
K, the Hall signals are small and sensitive to thermal
drifts during the measurement. We suspect this to be a
serious source of error in the two samples. Data from the
remaining samples are consistent with straight-line be-
havior up to our highest temperature. Overall, the data
in Fig. 2 provide strong support for the validity of Eq.
(2), especially below 240 K. By comparing the straight-
line fits with Eq. (2), we find that, at 8 T, a=5. 11
x10 . The impurity contribution C increases linearly
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FIG. I. (a) The temperature dependence of the in-plane

resistivity (averaged over a and b) of single-crystal YBCO
doped with Zn. For nonzero x, the magnitude of the resistivity
at room temperature is the average of 3 to 4 samples. (b) Plot
of I/RH vs T for YBCO crystals doped with Zn. In both
panels, the data for the x =0 sample are from Ref. [3].

FIG. 2. Temperature dependence of the Hall angle shown as
cotOH vs T for a series of Zn-doped YBCO crystals. cotOH is
computed from p„.and p„measured on the same crystal. A fit
by cotHH =aT +Px gives a =S.1 I x 10
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Conclusions
Emergent physics, combined with experiment, continues to yield 
important insights into our ongoing reductionist understanding.


Condensed matter physicists are looking to the tools of particle 
physics, such as the holographic principle to make new progress on 
the many-body problem


Similarly, particle-astro physicists are looking to emergence/
condensed matter for inspiration eg is space time an emergent 
property? (next talk).


90 years after Heisenberg, Schrödinger and Dirac, we are likely still

in the quantum revolution, and perhaps like Classical Mechanics, a 
more complete understanding awaits new perspectives from 
emergence. 



